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Impact of Cascading and Common-Cause Outages
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Operation of Power Systems
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Abstract—Common-cause and cascading outages in extreme
power system conditions may challenge traditional N-k trans-
mission security strategies. This paper proposes a resilience
index (RI) to evaluate the power system adaptability to extreme
conditions and establishes the resilience-constrained economic
dispatch (RCED) model and solution methodology in power
system operations. A three-stage outage sampling method is
presented to assess the proposed RI in severe weather condi-
tions culminating in common-cause and cascading outages. In
the proposed RCED model, customized contingency constraints
are introduced to represent common-cause and cascading out-
ages in extreme events and two penalty terms are considered
that can adjust power transmission flows for lowering outage
risks in a power grid. An optimization method is presented to
solve the RCED model efficiently with an absolute value function
introduced in both objective function and constraints. A sufficient
and necessary condition is proposed to ensure the optimality of
the linearized solution is the same as that of the original problem.
Case studies show the effectiveness of the proposed model and
methodology.

Index Terms—Power system resilience, cascading outages,
common-cause outages, resilience-constrained economic dispatch,
absolute value function.

NOMENCLATURE

Variables and Functions

Ci(·) Fuel consumption function of unit i
LCj Curtailment at load j
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i Index for generator unit
j Index for bus load
l, p, q Index for transmission line
Pi Generation of unit i
PLl Real power flow of line l
PLpc

l Line l flow for an outage on line p
PLp−q,c

l Line l flow for common-cause outages on lines p
and q

pcf
k Weather-dependent outage probabilities of

conductor k
ptf

k Weather-dependent outage probabilities of tower k

pwf
l Weather-dependent outage probabilities of trans-

mission line l
pcco

p,q Probability of common-cause outage of line p and q

phf
l Hidden outage probability of line l

rl Absolute loading rate of line l
sl, tl Auxiliary variables to linearize (15o)
ul, vl Auxiliary variables to linearize (9a)
σl Auxiliary binary variables to linearize (9c).

Constants and Sets

α Coefficient of generation cost
β Coefficient of the first penalty term
γ Coefficient of the second penalty term
η Coefficient of the load curtailment
PDj Real transmission load j
KD Bus-load incidence matrix
KL Bus-line incidence matrix
KP Bus-generator incidence matrix
NL Number of total transmission lines
NG Number of generation units
ND Number of transmission loads
NCl Number of conductors on line l
NTl Number of towers connected to line l
Pmin,i Lower power generation limit of unit i
Pmax,i Upper power generation limit of unit i
PLmax,l Capacity limit of line l
SAL Set of extreme weather affected lines.

I. INTRODUCTION

COMMON-CAUSE outages refer to simultaneous outages
of multiple components due to a common event [1]. For
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example, outages of two or more circuits on the same transmis-
sion tower can occur due to a single incident and the outage
of multiple lines on the same substation due to a lightning
invasion can wave overvoltage accidents. Also, a major physi-
cal disturbance such as tornado can result in outages of two or
more transmission circuits on the same right-of-way. Such out-
ages can be classified as common-cause outages since a single
cause results in an outage of two or more elements [2], [3].
Traditionally, common-cause outages are regarded as small
probability events and mostly ignored. However, the possi-
bility of common-cause outages under extreme events are
higher than that in normal conditions. As a result, the pos-
sibility of system blackout could dramatically be increased
upon common-cause outages. In this paper, we only consider
common-cause outages of two transmission lines which are in
a common right-of-way or connected to the same bus which
are in extreme events.

An increasing number of cascading outages in extreme
conditions indicate that power system vulnerabilities are con-
tinuously exposed to serious weather conditions which could
culminate in extensive power blackouts. Resilience would
evaluate the performance of an ecosystem affected by exter-
nal changes and continually confronted by unexpected events.
Similarly, power system resilience describes the capability of
power systems to change itself to withstand major events with
high-impact and low-probability [4]–[6].

Cascading outages with inherently complex nature could
have a compounded effect on power system operations. Some
references linked power system operating conditions to cascad-
ing outages. Reference [7] demonstrated that self-organized
criticality is an essential characteristic of large blackouts.
Reference [8] illustrated that power system loading that is
close to the system operating limits is the key outage attribute
that could lead to cascading outages. According to the system
structure and operating states, [9] proposed an entropy-based
metric to evaluate the power grid robustness with respect
to cascading outages. Reference [10] showed the correlations
between self-organized criticality and the heterogeneity of
power flow distribution by introducing the power flow entropy
index. Accordingly, the larger the power flow entropy, the
more routinely a power system state can lead to self-organized
criticality and eventually lead to cascading outages.

Fig. 1 shows a typical power system resilience curve
which is divided into three development stages, i.e., adap-
tation, absorption and restoration, with specific resilience
indices [11]–[13]. For example, the BC slope denotes how
fast the system deteriorates, CD segment denotes the system
robustness, DF segment denotes how promptly the network
recovers, and BCDEF area denotes the system loss. According
to the definition of power system resilience, the adaptation in
Fig. 1 describes the power system capability to adapt to pre-
vailing conditions in response to unexpected events. However,
the adaptation stage lacks indices that describe the adaptive
capacity of power systems in extreme events which may lead
to cascading outages.

To improve the power system resilience, a comprehensive
operation strategy is needed where the power flow distribution
and customized contingencies in extreme events are addressed
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Fig. 1. Typical resilience curve.

simultaneously. In this paper, we introduce a new resilience
index (RI) to describe adaptation performance and establish
a preventive resilience-constrained economic dispatch (RCED)
strategy to improve power system adaptability. The proposed
approach fills the gap in which penalty terms and customized
contingency constraints are established by considering extreme
events to improve the uniformity of power flow distribution,
reduce the impacts of common-cause and cascading outages,
and boost the system adaptability to extreme events.

Some previous studies proposed preventive strategies for
enhancing the power system resilience. In [14], a sequential
proactive operation strategy was proposed where the system
state transition follows a Markov process. Reference [15] con-
sidered cascading outages and N-k contingencies to establish
a risk-based operation strategy. In [16], an N-k contingency
screening method for economic dispatch was proposed with
multi-objective optimization where the maximized level of
system load shedding and the minimized number of contin-
gencies were considered. In [17], the outage set for economic
dispatch were constructed based on risk assessments in a bi-
level framework.

Reference [18] studied the proactive microgrid dispatch
strategy to enhance resilience in which the islanded operation
time is modeled as uncertainty set. To further enhance power
system resilience, [19] studied the power system economic
dispatch integrated with microgrids in extreme conditions.
Reference [20] proposed the optimal resilience operation in
terms of line hardening. Different hardening methods were
determined to reduce line outage probabilities and load shed-
ding costs. Reference [21] studied the resilience enhancement
strategy considering the line hardening and the formation
of multiple islanded provisional microgrids. Reference [22]
proposed an N-k contingency screening method considering
the hidden outages. Reference [23] proposed an approach to
construct contingency constraints using line outage distribu-
tion factors (LODFs) to reduce the computational burdens.
Reference [24] established a robust model for extreme events
to achieve the optimal hardening strategy in integrated elec-
tricity and nature gas transportation systems.

The previous references studied the power system resilience
and security considering N-k contingencies. Such resilience
operation strategies could improve the system performance
towards specific contingencies. These studies have had
an implicit assumption that improving the power system
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reliability, such as implementing the N-k contingencies, could
lead to more resilient power system operations at certain cir-
cumstances. This view may be true when a power system is
subject to typical outages. However, when a power system is
subject to extreme conditions, such as severe weather with
common-cause outages and cascading outages, the traditional
N-k reliability security strategies may not be effective.

In extreme situations, power system operation character-
istics and forced outage modes could change [25]. Forced
outages occur randomly with certain effects on reliability,
but presumed outages could be much more profound if
they demonstrate cascading effects and outage correlations in
extreme circumstances. Moreover, contingencies representing
typical power system outages would usually be more com-
plicated in extreme events due to the extent of common-cause
outages and cascading outages. Thus, if reliability-based oper-
ation strategies are instituted without considering the unique
features of extreme events, the severe impacts of cascading
outages, could more readily culminate the power system in
blackouts (e.g., North America on August 14, 2003, Europe
on November 12, 2006, Brazil on November 10, 2009, and
India on July 30, 2012). To enhance the system resilience,
we consider common-cause and cascading outages along with
single outages in the resilience-based operation strategy.

Our earlier work [26] presented a resilience-constrained unit
commitment model where the power flow entropy was con-
sidered to improve the power system resilience. The main
difference between the model in [26] and that in this paper lies
in the following points. First, new penalty terms are proposed
in this paper which are much smaller and less cumbersome
than those in [26], which lead to better computation perfor-
mances. Second, the convexification method of penalty terms
are different. An approximation method was considered which
reduced the solution optimality in [26]. In this paper, we estab-
lish a transformed problem to solve the original problem and
prove that the two problems are equivalent when the proposed
necessary and sufficient condition is satisfied. In this paper,
a new outage set containing three types of events is established
for enhancing RCED. Furthermore, a new RI is proposed to
reflect the adaptability of power systems to extreme conditions.

The main contributions of this work are summarized below.
• Considering common-cause and cascading outages, a new

RI is proposed to quantify the power system adaptability
to extreme events. RI is utilized at the adaption stage.

• An RCED model for blackout prevention and resilience
enhancement is presented in which the system security
subjected to common-cause outages and cascading out-
ages is addressed simultaneously. Two penalty terms are
introduced to improve the system resilience under hid-
den cascading outages. The common-cause outages and
cascading outages types of contingencies are evaluated to
improve the power system performance under reliability
types of outages.

• A convexification method is proposed to linearize
the RCED model without the loss of optimality.
Although the linearized problem is not equivalent to
the original one, a sufficient and necessary condi-
tion is introduced to ensure that the optimal value of

linearized problem is the same as that of the original
problem.

This paper is organized as follows, Section II describes
the proposed cascading-based RI for resilience evaluation.
Section III introduces the proposed resilience constrained eco-
nomic dispatch and its convexification solution. Section IV
presents the case studies, and the work is concluded in
Section V.

II. RESILIENCE EVALUATION FOR CASCADING OUTAGES

The proposed outage set will not include all common-
cause contingencies. The established outage set contains three
stages. First, the N-1 contingency for weather-affected lines
are added to reduce the impact of weather-induced initial
outages. Second, common-cause outages for weather-affected
lines are added. Third, heavily loaded lines upon the weather-
induced initial outages are identified. To avoid the risk of
hidden and cascading outages, each heavily loaded line and
corresponding initial lines on outage are identified as contin-
gency events. For each outage, the corresponding constraints
are established and added to the RCED model using line out-
age distribution factor (LODF). At present, it is not possible
to guarantee that load demands are always satisfied in contin-
gencies. When the power system is subject to extreme weather
events, the operator may shed some load or send demand
response signals to improve the power flow distribution, reduce
cascading outage risk and enhance system resilience.

A. Random Outages in Extreme Conditions

The proposed process for considering random outages in
power systems includes three stages. The first stage consid-
ers extreme events, such as severe weather conditions, to
determine initial line outages. The second stage considers
common-cause outages in lines that are adjacent to initial out-
ages. The third stage considers cascading outages in which
a simulation model is introduced to determine whether the
remaining lines are subject to cascading outages. The details
of each state are as follows.

1) Weather-Induced Initial Line Outages: Without the loss
of generality, we apply the generic wind-related fragility
curves for transmission lines and towers [11]. For a real power
system, the fragility function of each component in different
weather conditions can be derived empirically from statisti-
cal analysis based on observed failures. The wind speed is
obtained from meteorological department or derived from pre-
vailing wind model simulations. Assume the failure probability
of a single conductor and tower are pcf and ptf , respectively.
Since individual failure of a conductor and transmission tower
both will lead to outage of a transmission line, the outage
probability of a transmission line structure is

pwf
l = 1 −

Ncl∏

k=1

(
1 − pcf

k

)
·

Ntl∏

k=1

(
1 − ptf

k

)
. (1)

2) Common-Cause Outages: In practice, common-cause
outages occur when one event causes multiple outages which
are not statistically independent. In this paper, we only con-
sider the common-cause outages of adjacent components in
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Fig. 2. Two blackout distributions.

weather affected areas. The two lines could be either on
a common right-of-way or connected with the same bus. The
common-cause outages of transmission lines p and q are stated
as [27].

pcco
p,q = μpμqλ

c
p,q(

μp + λp
)(

μq + λq
)
μc

p,q + μpμqλc
p,q

(2)

where λp and λq are the failure rate (failures/year) of trans-
mission lines p and q, respectively; μp and μq are the repair
rate (repairs/year) of transmission lines p and q, respectively;
λc

p,q and μc
p,q are the common-cause failure and repair rates

of the transmission lines p and q, respectively.
3) Hidden Outages: A hidden outage remains undetected

in normal operating conditions but exposed after the occur-
rence of a power system disturbance, which may cause relays
to trip erroneously [28]. According to [29], [30], the compo-
nents connected to tripped lines would also be exposed to
incorrect tripping. The hidden outage probability, which has
an approximate linear relationship with the line loading when
the corresponding flow exceeds its limit [28], is stated as

phf
l =

⎧
⎨

⎩

p0, 0 ≤ rl ≤ 1
k0 · rl + b, 1 ≤ rl ≤ rt

l
1, rl ≥ rt

l

(3)

where p0 is the initial hidden outage probability which depends
on line parameters, k0 and b are the coefficients of the linear
function, and rt

l is the thermal limit of line l.

B. Proposed Resilience Evaluation Indices

Fig. 2 shows two different complementary cumulative dis-
tribution function (CCDF) of blackout size distribution of
a system in different operating strategies, where x could be
any blackout measure, such as load curtailment percentage,
tripped lines percentage, y is the probability of X ≥ x. Initially,
curve 1 drops more sharply as blackout gets larger, which indi-
cates that curve 1 has higher proportion of small accidents but
fewer major accidents. On the contrast, curve 2 has a relatively
flat tail which means that curve 2 has a higher proportion of
large accidents but fewer small accidents. Therefore, from the
perspective of preventing large blackout in extreme conditions,
the first operational strategy is more resilient.

However, reliability indices, such as the expected load cur-
tailment, may be similar for the two strategies. Therefore, tra-
ditional reliability evaluation indices underestimate the risk of
large blackout which are not suitable for the system resilience

Fig. 3. Proposed resilience evaluation method.

evaluation. Resilience considers the system performance in
extreme events, which cannot evaluated effectively by con-
ventional reliability indices. To fill the gap, we propose a new
RI as

RI =
NX∑

k=1

xk · P(X ≥ xk) (4)

where NX is the number of points to evaluate (4). In this paper,
NX = 100. RI is evaluated by changing xk from 0 to 100 (per-
cent), which ensures that large blackouts with a larger outage
impact are represented by larger RI (though the two expected
load curtailment are similar). The incremental RI considering
two different strategies is stated as

� RI = RI2 − RI1 =
(

NI∑

k=1

xk · (P2(X ≥ xk) − P1(X ≥ xk))

)

(5)

In this paper, the blackout size x in (4) and (5) is defined
as load curtailment/system load which is dimensionless. Thus,
RI is dimensionless. To calculate RI, the input data include
power system parameters, forecasted weather in affected areas,
dispatch conditions, and outage characteristics. The output
data includes RI, sampled scenarios, and probability distri-
bution of load curtailment.

To calculate x, we apply the Monte Carlo technique to the
proposed resilience evaluation method. The overall flowchart
for the proposed simulation process is shown in Fig. 3. For
each Monte Carlo simulation:

1) Sample weather-related initial line outages according to
(1). The initial tripped transmission lines are simulated
by comparing pwf

l with a uniformly distributed random
number ρ1 ∼ U(0, 1). Trip line l if pwf

l > ρ1.
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2) Sample common-cause outages adjacent to initial line
outages according to (2). Compare pcco

p,q with ρ2(ρ2 ∼
U(0, 1)), and trip lines p and q if pcco

p,q > ρ2.
3) Check network connectivity by calculating the blackout

size in each island if the network is partitioned; then end
the process. Otherwise, go to Step 4.

4) Calculate power flow and check thermal limit violations.
Trip the lines with load rates exceeding rt

l .
5) Sample hidden outages. Identify lines connected to

tripped lines and calculate hidden outage probability
according to (3). Trip individual lines if phf

l > ρ3(ρ3 ∼
U(0, 1)). Go to Step 3.

III. THE PROPOSED RCED MODEL

A. Penalty Terms Based on Power Flow Entropy

The power flow entropy provides a measure of power flow
distribution uniformity. Reference [10] showed that the power
flow entropy has a close relation with the blackout size in cas-
cading outages. When the entropy is high, transmission lines
which carry heavy loads can fail and trigger cascading outages
more easily.

However, it is difficult to optimize the power flow entropy
directly in a mathematical programming model. Therefore, to
reduce the power flow entropy and homogenize the power flow
distribution, we consider two penalty terms as

pn1 =
∑

l∈SAL

∣∣∣∣
PLl

PLmax
l

∣∣∣∣ (6)

pn2 =
NL∑

l=1

∣∣∣∣∣

∣∣∣∣
PLl

PLmax
l

∣∣∣∣−
∑NL

l=1

∣∣PLl/PLmax
l

∣∣
NL

∣∣∣∣∣ (7)

The first penalty term denotes the absolute loading rate
of weather affected lines. This term is introduced to adjust
the power flow and avoid the weather affected lines under-
taking heavy loads. The second penalty term denotes the
mean absolute deviation (MAD) of lines load rate which is
a measure of statistical dispersion defined as 1

n

∑n
k=1 |yk − ȳ|

where ȳ is the mean of {y1, y2, . . . , yn}. pn2 is established
to reduce the power flow heterogeneity and the cascading
risk when lines are subject to extreme events. By includ-
ing the above two penalty terms, the transmission network is
operating at a more resilient loading level. That is, each com-
ponent on outage will have a lower impact on the physical
system, which will have a larger operating margin in extreme
conditions. Note that the term is nonconvex where its convexi-
fication and linearization methodology is proposed in the next
subsection.

Our earlier work [26] presented a resilience-constrained unit
commitment model where the power flow entropy was con-
sidered to improve the power system resilience. However, the
two penalty terms proposed in [26] were approximated for
improving the solution at the cost of lowering the optimality.
In this paper, new penalty terms and solution methodol-
ogy are proposed for enhancing the optimality. The penalty
terms are simpler which will lead to faster computation
performance.

B. Outage Set for RCED

In this paper, common-cause outages of two adjacent lines
and cascading outages are considered to construct outage set.
For common-cause outages, assuming that bus i has k con-
nected lines and C2

k contingencies are added to this bus.
Traverse all buses in the weather affected areas and establish
the contingencies accordingly. Practically, there are few lines
connected to one bus and the proposed common-cause outage
contingencies will not lead to the curse of dimensionality. For
cascading outages, the heavily loaded lines upon the weather-
induced initial outage are identified and added into outage set
in case of hidden outages.

Constraints corresponding to each outage are constructed
using LODFs [23]. The corresponding contingency constraints
for initial outages are shown in (8)-(9). Given that line pis
on outage, the adjacent lines and those which are heavily
loaded are denoted as q. The constraints for common-cause
and cascading outages are shown in (10)-(11).

PLpc
l = PLl + LODFpc

l,p · PLp ∀l, p (8)
∣∣PLpc

l

∣∣ ≤ PLmax,l (9)

PLp−q,c
l = PLl + LODFp−q,c

l,p · PLp + LODFp−q,c
l,q · PLq

∀l, p, q (10)∣∣∣PLp−q,c
l

∣∣∣ ≤ PLmax,l (11)

where PLpc
l is line l flow due to line p outage. PLl, PLp and

PLq are steady-state flows on lines l, p and q, respectively.
PLp−q,c

l is the line l flow due to common-cause outages of lines
p and q. LODFpc

l,p is line outage distribution factor between

flows on lines l and p when line p is on outage. LODFp−q,c
l,p

and LODFp−q,c
l,q are line outage distribution factor between

flows of lines l and lines p, and q, respectively.
The LODF of single and multiple outages are calculated by

the following equations [31].

LODFM,O = PTDF0
M,O

(
E − PTDF0

O,O

)-1
(12)

PTDF0
M,O = X−1

M �T[B]0−1� (13)

PTDF0
O,O = X-1

O�
T[B]0-1� (14)

where E is an identity matrix of ν×ν, ν is the number of lines
on outage. PTDF is power transfer distribution factor which
determines the change in line flows when one unit of power is
transferred from on bus to the next. XM and XO are diagonal
matrices with elements representing the reactance of lines that
are monitored and those on outage, respectively. � is a bus-to-
monitored line incidence matrix and ψ is bus-to-outaged line
incidence matrix.

The contingency screening and the constraint construction
process are shown in Fig. 4 and described as follows. The
method starts by calculating the proposed RCED without con-
tingency constraints and obtaining the pre-contingency line
flows. Then the outage filter uses (8) and (10) based on
LODF to calculate PLpc

l and PLp−q,c
l for all post-contingency

line l flows. The evaluation process will end if all post-
contingency power flows are within limits. Otherwise, every
combination of line p on outage and overloaded line l are
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Fig. 4. Flowchart of LODF post-contingency filter for RCED.

stored and added to the RCED model using the corresponding
constraints (8)-(9) or (10)-(11). The RCED solution will pro-
vide new pre-contingency flows which are analyzed to verify
if additional combinations should be added to RCED. This
iterative approach checks all lie outages in extreme events
and common-cause outages of adjacent lines at each iteration.
Then if the calculated line l flow, due to a line p outage or
common-cause outages of lines p and q, is higher than the line
l capacity, the corresponding outages will be added to RCED
in the next iteration. In practice, it is expected that a limited
list of active line outages will be required to establish a secure
operation.

C. Proposed RCED Model

The proposed resilience-constrained economic dispatch
model is formulated as follow with established penalty terms
and contingency constraints.

Min. α ·
NG∑

i=1

Ci(Pi)+β ·
∑

l=SAL

∣∣∣∣
PLl

PLmax
l

∣∣∣∣

+γ ·
NL∑

l=1

∣∣∣∣∣

∣∣∣∣
PLl

PLmax
l

∣∣∣∣−
∑NL

l=1

∣∣PLl/PLmax
l

∣∣
NL

∣∣∣∣∣+ η ·
ND∑

j

LCj

(15a)

s.t. Ci(·) = ai + biPi + ciP
2
i , ∀i (15b)

NG∑

i

Pi =
ND∑

j

(
PDj − LCj

)
(15c)

Pmin,i ≤ Pi ≤ Pmax,i,∀i (15d)

0 ≤ LCj ≤ PDj,∀j (15e)
NL∑

l

KLb,l · PLl =
NG∑

i

KPb,i · Pi

−
ND∑

j

KDb,j · (PDj − LCj
)
,∀b (15f)

PLl = θfl − θtl

xl
,∀l (15g)

−PLmax,l ≤ PLl ≤ PLmax,l,∀l (15h)

PLpc
l = PLl + LODFpc

l,p · PLp,∀l, p (15i)
∣∣PLpc

l

∣∣ ≤ PLmax,l,∀l (15j)

PLp−q,c
l = PLl + LODFp−q,c

l,p · PLp

+ LODFp−q,c
l,q · PLq∀l, p, q (15k)

∣∣∣PLp−q,c
l

∣∣∣ ≤ PLmax,l,∀l (15l)

The model constraints are shown in (15b)-(15l) in which the
common-cause and cascading outage constraints are included.
Constraint (15c) ensures the power balance. Constraint
(15d) limits the upper/lower bounds of generation output.
Constraints (15e) limits the upper/lower bounds of load curtail-
ment. Constraints (15f)-(15h) represent line power flows and
capacity limits. Constraints (15i) and (15j) are constructed for
implementing the N-1 contingency in weather-induced areas.
Upon weather-induced initial outages, constraints (15k)-(15l)
are constructed for considering common-cause and cascading
outages.The proposed generation dispatch strategy could be
applied to both day-ahead planning and intra-day time frame
when extreme events are expected. In practice, the RCED
approach could be implemented quickly which depends on the
availability of powerful computers, advanced communication
systems and power market mechanisms.

IV. SOLUTION METHODOLOGY OF RCED MODEL

Note that the non-convexity of the objective function (15a)
is due to the nested absolute function of the third term. If we
substitute rl = | PLl

PLmax,l
| into (15a), the problem (15) yields to

Min. α ·
NG∑

i=1

Ci(Pi)+β ·
∑

l∈SAL

rl + γ ·
NL∑

l=1

∣∣∣∣∣rl −
∑NL

l=1 rl

NL

∣∣∣∣∣

+ η ·
ND∑

j

LCj (15m)

s.t. (15b) − (15l) (15n)

rl =
∣∣∣∣

PLl

PLmax,l

∣∣∣∣,∀l (15o)

A general optimization method is proposed in [26] to lin-
earize the objective function with absolute value functions.
Accordingly (16) yields to (17) while the optimal solution
remains the same.

Min. α ·
NG∑

i=1

Ci(Pi)+β ·
∑

l∈SAL

rl + γ ·
NL∑

l=1

(ul + vl)

+ η ·
ND∑

j

LCj (16a)

s.t. (15b) − (15l) (16b)

rl −
∑NL

l=1 rl

NL
+ ul − vl = 0,∀l (16c)
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ul ≥ 0, vl ≥ 0,∀l (16d)

rl =
∣∣∣∣

PLl

PLmax,l

∣∣∣∣,∀l (16e)

In this paper, we further linearize constraints (16e) which
include absolute functions without the loss of optimality.

Consider a more general form of the proposed mathematical
programming model as

min. F(x) (17a)

s.t. g(x) +
m∑

k=1

∣∣∣∣∣

n∑

i=1

dk,ixi

∣∣∣∣∣ = b (17b)

& other model constraints (17c)

Define auxiliary variables sk, tk, k = 1, 2, . . . , K to construct
the model in (19).

min. F(x) (18a)

s.t. g(x) +
k∑

k=1

(sk + tk) = b (18b)

n∑

i=1

dk,ixi = sk − tk, k = 1, 2, . . . , K (18c)

sk ≥ 0, tk ≥ 0, k = 1, 2, . . . , K (18d)

& other model constraints (18e)

Theorem 1: If (x, s, t) is the feasible solution of the model
in (18), the sufficient and necessary condition for x as the
feasible solution of the model in (17) is sktk = 0,∀k.

Proof of necessity: If (x, s, t) is the feasible solution of the
model in (18) and x is the feasible solution of (17), then

K∑

k=1

(sk + tk) = b − g(x) =
K∑

k=1

∣∣∣∣∣

n∑

i=1

dk,ixi

∣∣∣∣∣ =
K∑

k=1

|sk − tk|

(19)

The three equal signs in (19) are due to (18b), (17b) and (18c),
respectively. Since sk ≥ 0, tk ≥ 0 we have

|sk − tk| ≤ |sk| + |tk| = sk + tk (20)

According to (19), (20), we have |sk − tk| = sk + tk,∀k Thus,
at least one term in a pair of Sk tk, is 0, i.e., Sk tk = 0.

Proof of Sufficiency: If (x, s, t) is the feasible solution of (18)
and Sktk = 0,∀k then

sk + tk = |sk − tk| =
∣∣∣∣∣

n∑

i=1

dk,ixi

∣∣∣∣∣ (21)

The second equal sign is due to (18c). Substitute (21) into
(18b), then (18b) yields to (17b). Therefore, x is the feasible
solution of (18) when sktk = 0, and (x, s, t) is the feasible
solution of (19).

Add the sufficient and necessary condition to (18)
to get (22). The big-M method is used to relax
sktk = 0,∀k.

min. F(x) (22a)

s.t. (18b) − (18e) (22b)

0 ≤ sk ≤ M × δ (22c)

0 ≤ tk ≤ M × (1 − δ) (22d)

δ ∈ {0, 1} (22e)

Theorem 2: The optimal objective function value of (22) is
equal to that of (17).

Proof: If x is the feasible solution of (17), it is also feasible
in (18) since we can always assign sk, tk to make (18b) yield
to (17b). Recalling theorem 1, we conclude that the feasible
region of x in (22) is the same as that of (17). So, the optimal
objective function value of (22) is exactly equal to that of (17),
although the two models are not essentially equivalent.

According to theorem 2, problem (23) can be constructed
with the same optimal solution as that of (17) which is
equivalent to (16) and (15).

Min. α ·
NG∑

i=1

Ci(Pi)+β ·
∑

l∈SAL

rl + γ ·
NL∑

l=1

(ul + vl)

+ η ·
ND∑

j

LCj (23a)

s.t. Original constraints: (15b) − (15l) (23b)

Linearize (15m): (16c) − (16d) (23c)

Linearize (15o):

{
rl = sl + tl

PLl
PLmax,l

= sl − tl
,∀l (23d)

Ensure optimality:

⎧
⎨

⎩

0 ≤ sl ≤ M · σl

0 ≤ tl ≤ M · (1 − σl)

σl ∈ {0, 1}.
,∀l (23e)

V. CASE STUDIES

A. Case Studies for the IEEE-30 Bus Test System

To verify the effectiveness of proposed model, the modified
IEEE 30-bus system is introduced and tested in MATLAB
2016a using the Gurobi solver on a personal computer with
a 3.20 GHz i5 processor and 8 GB RAM. The IEEE 30-bus
system is composed of six generators, twenty-one loads and
forty-one transmission lines. The test system parameters are
available in http://motor.ece.iit.edu/data/RCED.xlsx.

Without loss of generality, all transmission lines are
assumed to be exposed to the same weather conditions.
We generate 1,000 scenarios in order to calculate blackout
performance distributions.

The following four cases are discussed.
Case 1: Solve the model in (12) without considering any

outages and load curtailment. This case is to study the regu-
lating effects of penalty terms on the uniformity of power flow
distribution.

Case 2: Based on the dispatch solution in Case 1, per-
form a resilience evaluation to calculate the proposed RI. This
case is to verify the effectiveness of penalty terms and the
rationality of the proposed RI.

Case 3: The introduced contingencies constraints are added
to Case 2. System resilience is further studied using the
proposed RCED model.

Case 4: Evaluate the impact of weather severities on system
resilience.
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For the sake of brevity, in the following discussion, NCED
denotes the networked-constrained economic dispatch with-
out penalty terms or contingencies constraints. SCED denotes
the NCED with N-1 contingency constraints. RCED denotes
the dispatch model with penalty terms. C-RCED denotes the
dispatch model with both penalty terms and the contingen-
cies constraints. We vary the objective function coefficients
to consider the following two RCED models: RCED I with
α = 1, β = 100, γ = 1000; RCED II with α = 1, β =
1000, γ = 10000. In case C-RCED I, η = 200. In case
C-RCED II η = 10000. The results for the four cases are
presented as follows.

Case 1: Case 1 is performed to verify the feasibility of
linearization method and the effectiveness of the proposed
penalty terms embedded in the RCED model. The optimization
preference between generation cost and power flow distribu-
tion can be adjusted by varying β, γ . The two penalty terms
are studied separately and the results are shown in Tables I.
Table II shows the results with both penalty terms in place.
Since the penalty terms are introduced to adjust the power
flow, four indices are calculated including the average line
loading rate (Ave.rl), maximum line loading rate (Max.rl),
number of heavily loaded lines (Num.rl > 0.7 for rl > 0.7)
and mean absolute deviation of line loading rate (MADrl).

In Table I, four power flow distribution indices are improved
when β is larger than 100. This is because when β = 1, pn1 is
16.669 and the corresponding generation cost is $8,495.18. As
β increases, pn1 becomes larger and makes up a higher propor-
tion of the objective function. Thus, larger β which increases
the generation cost, results in a more effective penalty term
and more homogeneous power flow. When β is 10,000, the
average loading rates are lowered to 0.304. However, the
adjustment in power flow distribution is limited by genera-
tion and line capacities, network topology, system loading,
etc. The results corresponding to β = 100000 are the same
as those of β = 10000. In addition, MAD of rl which rep-
resents the homogeneity of power flow distribution decreases
first as β increases and then increases when β becomes very
large. This outcome indicates that although the first penalty
term can reduce the average loading rate, its impact on power
flow distribution is not uniform.

The results for varying γ are also shown in Table I. Both
MAD of rl decrease as γ is increased. Compared with the
results as β is varied, the smallest MAD is reduced by about
46%. Both the maximum loading rate and the number of heav-
ily loaded lines are lower than that when β is varied. When
γ = 10000, line loading rates are all below 0.7 with a max-
imum loading rate of 0.64. This is because heavily loaded
lines will have a higher priority to be optimized in our case
which would lower pn2. However, the average loading rateis
deteriorated which indicates that the two penalty terms fulfill
different tasks for adjusting power flows.

Table II shows the comparison of conventional NCED and
the proposed RCED in which the proposed RCED model per-
forms better than the traditional NCED. In Table II, there are
5 lines with a loading rate that exceeds 0.7 while there is only
one in RCED I and none in RCED II. Besides, the maximum
rl of NCED is 1, which indicates that certain lines are operated

TABLE I
RESULTS WHEN β, γ VARIES

TABLE II
RESULTS WHEN BOTH β AND γ VARY

at their capacity which are more prone to hidden outages when
power flows fluctuate, especially when line outages occur in
extreme weather conditions. Even at higher dispatch costs, the
operation security remains to be the primary consideration in
extreme conditions.

Case 2: In this case, the three models, NCED, RCED I
and RCED II, are tested without contingencies. Accordingly,
reliability and resilience performances are compared and dis-
cussed. The weather condition is assumed to be a major
storm at an average speed of 35 m/s. The wind-dependent
line and tower outage probabilities are calculated according to
fragility curves. The hidden outage probability is p0 = 0.02
when rl ≤ 1 which increases to 1 when rl = 1.4. The
generation ramping limit is set at 10% on each island. The
number of cascading scenarios in the resilience evaluation pro-
cess is kmax = 1000. The blackout size is denoted by (load
curtailment/system load) × 100%.

Fig. 5 (a) shows the probability distribution of blackout size.
Both RCED I and RCED II perform better than the traditional
NCED. The maximum load curtailment percentage of NCED
is 60%, while it is only 40% in RCED I and 30% in RCED II.
Moreover, the probability distribution of NCED in Fig. 5 (a)
shows a relatively flat tail when load curtailment percentage
is over 30. To further investigate this situation, the log-log
plot of blackout size is shown in the Fig. 5 (b). The NCED
curve in Fig. 5 (b) shows the characteristics of power-law
distribution with the power tails. A long flat tail generally
implies a higher risk of large blackouts [28]. The two RCED
curves drop exponentially with the blackout size in Fig. 5 (b).
Therefore, the RCED model reduces the risk of large blackouts
effectively by improving the power flow distribution.

Table III shows the outage results for NCED and
RCED. The weather-induced outage scenarios are similar since
the weather conditions are assumed identical for triggering
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Fig. 5. Distribution of blackout size in NCED and RCED.

TABLE III
RESULTS IN DIFFERENT DISPATCH MODELS

initial outages in the three models. However, different dis-
patch strategies could lead to various hidden outage scenarios
and blackout sizes. There are 186 hidden outage scenarios in
NCED while there are only 78 and 74 in RCED I and RCED II.
Furthermore, the average numbers of lines with hidden outages
are 3.02, 1.15 and 0.90, respectively. This indicates that both
numbers of overload and hidden outage scenarios and lines are
improved in the RCED models, even though the initial trig-
gers are the same. Moreover, the proposed RI distinguishes the
three models more effectively than expected load curtailment
does. The expected load curtailment of RCED I and II are
similar. However, their resilience indices are very different.

The traditional NCED aims to determine the least produc-
tion operation cost of power systems but pays little attention
to the power flow distribution. In this way, there could be
a few dangerous states in which some of the transmission
lines are heavy loaded in which any minor power flow fluc-
tuations or transfers would lead to cascading outages. That
situation will be magnified further under extreme events. The
proposed RCED model can be adopted as a more resilient
operation strategy under normal and extreme conditions for
blackout prevention.

Case 3: In Case 3, the N-1, common-cause and cascading
outage constraints are further added to illustrate its effect on
blackout prevention. Based on the generation dispatch plan
in Case 2, we follow the contingency check with an optimal
load shedding model. It is not surprising that neither RCED I
nor RCED II model used in Case 2 satisfies the outage con-
straints. The load curtailed in the two models are 24.9MW
and 20.97MW, respectively, which indicate that an improved
uniformity in power flow distribution cannot always ensure
a higher reliability in response to typical outages. Hence,
typical outages and penalty terms for power flow adjust-
ment should be considered simultaneously in power dispatch

Fig. 6. Blackout size distribution in different models.

strategies. In this case, buses 21-25 are located in extreme
weather affected areas. We consider common-cause and cas-
cading outages according to the description in Section III. Note
that outages which would split the system are not
active.

Fig. 6 shows the blackout size distribution in different
models. Comparing NCED (in blue) and SCED with N-1 con-
tingency (in red), the power tail of blue curve gets improved
in the red case. However, the resilience in both NCED and
SCED cases is still worse than that in RCED models due
to higher proportion of large blackouts. Comparing RCED I
(in yellow) with C-RCED I (in purple), we can see that the
purple curve is lower than yellow, which means the common-
cause outage constraints lead to less blackout and could
improve the system resilience. On the contrary, the resilience
of C-RCED II (in black) is worse than that of RCED II (in
green).

In this case, contingency constraints pose negative effect on
resilience. This observation indicates that the impact of contin-
gency constraints on resilience is uncertain. The results show
that the addition of contingency constraints might not always
improve resilience and sometimes it could even make worse
under certain circumstances. This interesting phenomenon can
be explained in terms of the power flow distribution as shown
in Table IV. Comparing the line flow distribution of differ-
ent models, we encounter that the power flow distribution of
RCED I is improved when contingency constraints are added.
However, the distribution indices of RCED II are deteriorated
when contingency constraints are added. Accordingly, contin-
gency constraints can improve the power system resilience if
they improve the power flow uniformity. This observation fur-
ther demonstrates that the power system resilience has a close
relationship with power flow distribution and the traditional
SCED cannot prevent blackouts effectively with only the N-k
reliability strategy is pursued.
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TABLE IV
POWER FLOW DISTRIBUTION AND RI IN DIFFERENT MODELS

Fig. 7. Effect of wind speed on blackout size.

TABLE V
COMPUTATION TIME OF DIFFERENT DISPATCH STRATEGY AND

RESILIENCE EVALUATION

Case 4: Case 4 studies the influence of wind speed on
resilience. This case helps find the effectiveness of dispatch
strategies when weather condition varies. Fig. 7 shows the
expected LC percentage over all scenarios for different wind
speeds in which the system is resilient (i.e., LC percentage
is under 10%) when wind speed is below 30m/s. The LC
percentage has a sharp increase as wind speed increases. For
wind speed below 40m/s, the LC percentage in the proposed
C-RCED is obviously below that of NCED and SCED. As
wind speed increases, the gap between C-RCED and SCED
becomes smaller which indicates that the operational strategy
would have a weaker influence on the system resilience. When
the wind speed is over 60m/s, there is no difference among
dispatch strategies. That is, the resilience cannot be improved
by enhancing the operational strategies. However, the infras-
tructural improvements, such as hardening of lines and towers
will have a more profound impact on resilience when extreme
events become destructive.

B. Case Studies on Large Test Systems

The added penalty terms and contingency constraints are
suitable for large power systems. To show the computational
efficiency and validity, we apply the model to more compli-
cated test systems, including the RTS-96, the IEEE 118 bus
and the Polish 2383wp test case. The network parameters and

TABLE VI
LOAD FLOW DISTRIBUTION AND RESILIENCE INDEX FOR DIFFERENT

STRATEGIES IN RTS-96 TEST SYSTEM

TABLE VII
LOAD FLOW DISTRIBUTION AND RESILIENCE INDEX FOR DIFFERENT

STRATEGIES IN POLISH 2383WP TEST SYSTEM

load data of the RTS-96 test system are provided in [32], and
the parameters of the IEEE 118 bus and the Polish 2383wp
test systems are provided by Matpower 5.0.

The three test system parameters used in this paper are avail-
able at http://motor.ece.iit.edu/data/RCED.xlsx. In the RCED
case, for the RTS-96 test system α = 1, β = 10000,
γ = 10000, and for the IEEE 118-bus test system and the
Polish 23832wp test systme α = 1, β = 100000, γ = 100000.
In the C-RCED case, for all test systems, η = 5000, and the
buses affected by extreme weather are No. 113, 117, 120, 124,
203, 204, 205, 206, 207, 208, 209, 210, and 211 for the RTS-96
test systems, No. 98, 99, 100, 103, 104, 105 and 107 for the
IEEE 118-bus test system, and No. 100 to 125 for the Polish
2383wp test system.

We consider N-1 and common-cause outages according
to the description given in Section III for each case and
estimate post-contingency flows. Those lines whose post-
contingency flow rates exceed 0.85 are selected to initiate
cascading outages. Note that contingencies which would split
the system are not considered in resilience evaluations. The
wind power flow through affected lines would have a ran-
dom speed ranging from 30m/s to 45m/s in all cases. Table V
demonstrates the computation time of the proposed method
for different test systems and the simulation time for the
RI evaluation. In Table V, the proposed penalty terms and
common-cause outage constraints will result in a longer com-
puting time. However, the computation time even for the
Polish 2383wp test system is still within the acceptable range
of the scheduling department.

Tables VI and VII demonstrate the load flow distribution and
RI using the proposed strategy and the conventional NCED
for the TRS-96 and the Polish 2383wp test system, respec-
tively. Figs. 8(a) and 8(b) show the blackout size distribution
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Fig. 8. Blackout size distribution for different strategies in TRS-96 and
Polish 2383wp test system.

for different strategies applied to RTS-96 and Polish 2383wp
test systems, respectively. In Tables VI and VII, the load
flow derived from the proposed RCED and C-RCED mod-
els are better than that of NCED. The maximum loading rate
in NCED is up to 1 for both the RTS-96 and the Polish
2383wp test systems, while they are reduced to 0.675 and
0.741 for the RTS-96 test systems in RCED, respectively. The
heavy loaded lines in RCED and C-RCED are fewer than
that in NCED. In Fig. 8, the blackout size distributions in
the proposed strategies are fewer than that in NCED. Also,
C-RCED performs better than RCED considering preven-
tive contingency constraints. The RI for NCED, RCED and
C-RCED in the Polish 2383wp test system are 42.42, 17.26
and 9.85, respectively. The RI for C-RCED is much smaller
than that in NCED, which indicates that there are fewer large
blackouts in C-RCED when the power system is encountering
extreme weather. In Table VII, the maximum blackout size in
C-RCED is 13.87% over 1000 scenarios while it is 22.94%
for NCED.

VI. CONCLUSION

This paper proposes a resilience-constrained economic dis-
patch and the corresponding set of resilience indices for
enhancing the resilience and blackout prevention. The follow-
ing conclusions can be drawn.

• The proposed resilience indices demonstrate the power
system adaptability to extreme events and distinguish dif-
ferent dispatch strategies even if their load curtailments
are similar. The proposed indices can serve as adaptation
indices in resilience evaluation effectively.

• The N-k reliability strategy cannot always obtain a better
resilience, especially when a power system is subject to
extreme events. On the contrary, the N-k reliability strat-
egy can make the system resilience performance worse
in certain cases. The impact of N-k strategy on resilience
may also depend on power flow distribution.

• The proposed RCED simultaneously considers out-
age set and power flow distribution uniformity. The
synergy of penalty terms and contingency constraints
can achieve higher system resilience in extreme
conditions.

• During extreme weather conditions, the effectiveness of
operation strategies becomes less critical than those of
infrastructural enhancement for resilience.
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